Abstract. Raphaël Rouquier introduced an invariant of triangulated categories which is known as Rouquier dimension. Orlov conjectured that for any smooth quasi-projective variety X the Rouquier dimension of D b coh (X) is equal to dim X. In this note we show that some blow-ups of projective spaces satisfy Orlov's conjecture. This includes a blow-up of P 2 in nine arbitrary distinct points, or a blow-up of three distinct points lying on an exceptional divisor of a blow-up of P 3 in a line. In particular, our method gives an alternative proof of Orlov's conjecture for del Pezzo surfaces, first established by Ballard and Favero.
Introduction
Raphaël Rouquier introduced in [Rou08] an invariant of triangulated categories which became known as Rouquier dimension. For a scheme X the bounded derived category of coherent sheaves D In general, Rouquier dimension is very difficult to determine. Rouquier proved that for any smooth variety there is an inequality dim X ≤ rdim D b coh (X) ≤ 2 dim X. However, in all cases where Rouquier dimenson of a smooth variety was computed exactly, it happened to coincide with the usual geometric dimension of X. Dmitri Orlov made a conjecture [Orl09] :
1.1. Conjecture (Orlov) . Let X be a smooth quasi-projective variety. Then the Rouquier dimension of D b coh (X) equals dim(X). The conjecture is known in multiple cases:
• projective spaces, quadrics, Grassmannians [Rou08] ;
• del Pezzo surfaces, Hirzebruch surfaces, and toric surfaces with nef anti-canonical divisors; Fano threefolds of type V 5 and V 22 [BF12] ; • direct products of the varieties above [Yan16] ;
• all smooth proper curves [Orl09] ;
• a product of two Fermat elliptic curves and a Fermat K3 surface [BFK14, Th. 1.6].
In this note we give new examples of varieties satisfying Orlov's conjecture. Our examples are some particular blow-ups of projective spaces. This gives an alternative, easier proof for del Pezzo surfaces, but also covers some higher-dimensional cases. In an arbitrary dimension we show the following:
4.1. Theorem. Let {Z b } b∈B be a set of at most three disjoint linear subspaces of P n such that every subspace Z b is either a point or has codimension two. Denote by Y the blow-up of the projective space in the union b∈B Z b . Then the variety Y satisfies Orlov's conjecture.
Let us illustrate the idea of the proof. If a category admits a full exceptional collection of length n+1, then each exceptional object generates a subcategory of Rouquier dimension zero, and the standard estimate on the Rouquier dimension of the glueing (Lemma 2.2) bounds it from above by n. This is sufficient to establish Orlov's conjecture for projective spaces, but not enough for any blow-up, since the exceptional collection becomes too long. However, a category generated by a single exceptional object is not the only triangulated category of Rouquier dimension zero. The derived category of representations of any ADE quiver is another example (Lemma 2.4). In the proof of Theorem 4.1 we construct a semiorthogonal decomposition for the derived category of the blow-up with 2 exceptional objects and n − 1 components equivalent to the derived category of the D 4 quiver, and conclude by the same estimate for the glueing.
The procedure outlined above preserves two exceptional objects from the original full exceptional collection on the projective space. In the cases of low dimension, i.e., P 2 and P 3 , this may be used to bound the Rouquier dimension for a tower of blow-ups, with three levels for P 2 and two levels for P 3 :
4.2. Proposition. Consider a tower of maps
where each map π i : X i → X i−1 is a blow-up in at most three distinct points. Then X 3 satisfies Orlov's conjecture, i.e., rdim(X 3 ) = 2.
4.4. Proposition. Consider a tower of maps
where each map π i : X i → X i−1 is a blow-up of a disjoint union of points and lines, at most three per level, where by a line we mean a strict transform of an one-dimensional linear subspace in P 3 . Then X 2 satisfies Orlov's conjecture, i.e., rdim(X 2 ) = 3.
The paper is organized as follows. In Section 2 we introduce standard definitions related to semiorthogonal decompositions and Rouquier dimension. Section 3 describes some subcategories of Rouquier dimension zero which naturally arise inside the derived categories of certain blow-ups. In Section 4 we prove the main results of this note, stated above. Finally, Appendix A contains a folklore result describing the full mutation of Orlov's semiorthogonal decomposition for a blow-up, which is needed in Section 3.
Acknowledgements. The author would like to thank Alexander Kuznetsov for guidance and many helpful discussions.
Preliminaries
All varieties and triangulated categories in this note are over a field k. All functors are assumed to be derived functors, with the exception of the global sections functor Γ. The (hyper)cohomology is always denoted by RΓ .
Let T be a triangulated category. In this note we only consider Ext-finite triangulated categories. For a pair of objects A, B ∈ T we denote by RHom T (A, B) the graded vector space
A triangulated subcategory A ⊂ T is admissible if its inclusion functor has both adjoints. A pair A, B of triangulated subcategories of T forms a semiorthogonal decomposition if both of them are admissible, they generate T , and for any pair of objects A ∈ A, B ∈ B we have RHom T (B, A) = 0. In more general situations the admissibility condition is usually weakened, but for the categories occuring in our paper this definition is equivalent to the standard one.
For any semiorthogonal decomposition T = A, B there exists another semiorthogonal decomposition T = B, A such that the category B is equivalent to B [Bon89] . We refer to the subcategory B ⊂ T as the mutation of B through A. There is an analogous notion of a mutation of A through B.
A semiorthogonal decomposition into several components T = A 1 , A 2 , . . . , A k is defined similarly. Given such a decomposition, its (right) dual semiorthogonal decomposition is the one obtained by the following sequence of mutations. Mutate A k through A 1 , . . . , A k−1 , then mutate A k−1 through A 1 , . . . , A k−2 , and so on:
As in the case with a semiorthogonal decomposition into two components, for every i the category A i is equivalent to A i . To introduce Rouquier dimension, we need some notation. For any object E ∈ T we denote by E 0 ⊂ T the subcategory whose objects are direct summands of finite direct sums of shifts of E. The subcategories E n are defined inductively. An object F ∈ T lies in the subcategory E n if and only if there exists a distinguished triangle in T :
where A ∈ E 0 , B ∈ E n−1 , and C has a direct summand isomorphic to F . Note that the union ∪ n≥0 E n is the smallest triangulated subcategory of T which contains E and is Karoubian closed.
Definition ([Rou08]
). Let T be a triangulated category. Its Rouquier dimension rdim T is the smallest number n such that there exists an object E ∈ T with E n = T . If there are no such objects for any n, we set rdim T = ∞.
If X is a smooth variety, we denote by rdim X the Rouquier dimension of
). Let T be a triangulated category with a semiorthogonal decomposition
Proof. It is enough to prove this for a decomposition into two components T = A 1 , A 2 , which is [Rou08, Lem. 3.5].
Two simple lemmas below have been observed many times (e.g., [CYZ08] or [EL19, Sec. 3]). We include the proofs for completeness.
2.3. Lemma. Let T be an Ext-finite idempotent-complete triangulated category. The following are equivalent:
• there are finitely many indecomposable objects in T up to isomorphisms and shifts.
Proof. If there are finitely many isomorphism classes of indecomposable objects up to shifts, let M 1 , . . . , M n be the list of representatives of those isomorphism classes. Then the direct sum ⊕ n i=1 M i is a generator of T with generating time zero. For the converse implication, let G ∈ T be a generator with generating time zero. There is a decomposition of G into finitely many indecomposable direct summands G 1 , . . . , G n . By assumption any object of T = G 0 is a direct summand of G ⊗ V • for some finite-dimensional graded vector space V • . By the Krull-Schmidt theorem any such direct summand is isomorphic to a direct sum of shifts of G i 's. Therefore any indecomposable object of T is isomorphic to one of the G i 's.
If a triangulated category is generated by a single exceptional object, then it is equivalent to the derived category of vector spaces and clearly satisfies the assumptions of the lemma above. The key observation for Proposition 3.1 is that Lemma 2.3 applies to some more complicated categories as well. 
Blowing up points and codimension two subspaces
The existence of a semiorthogonal decomposition in some category leads to an upper bound on Rouquier dimension as in Lemma 2.2. The next proposition shows that sometimes this upper bound is preserved under blow-ups of points or codimension two subvarieties. When the upper bound is sharp, e.g., for X P 2 , the blow-up also satisfies Orlov's conjecture.
3.1. Proposition. Let X be a smooth n-dimensional variety. Assume that there is a semiorthogonal decomposition with n − 1 exceptional line bundles L 0 , . . . , L n−2 :
Let B be a set of cardinatly at most three, and let {Z b } b∈B be a set of subvarieties of X such that any Z b is
• either a point; or
• a smooth codimension-2 subvariety such that the restrictions
Let π : Y → X be the blow-up morphism in the union of {Z b } b∈B . Then there exists a semiorthogonal decomposition
such that every subcategory T i has Rouquier dimension zero.
Remark. Lemma 2.2 applied to the constructed semiorthogonal decomposition gives us a bound rdim(Y ) ≤ rdim(π * A) + n − 1. Since π * is fully faithful, this is exactly the same bound that we get for the Rouquier dimension of X from the semiorthogonal decomposition of D b coh (X). We start by proving two lemmas, one about blow-ups of points and the other about blow-ups of codimension two subvarieties. Abusing the notation a little, we use the same letter to refer to a line bundle on the base and to its pullback to the blown up variety.
3.2. Lemma. Let X be a smooth n-dimensional variety. Assume that there is a semiorthogonal decomposition which includes n − 1 exceptional line bundles L 0 , . . . , L n−2 :
Let π : Y → X be the blow-up of a point x ∈ X. Then there is a semiorthogonal decomposition
such that for any i the object S i is exceptional, it is supported set-theoretically on the exceptional divisor, and it satisfies
Proof. Consider the dual to Orlov's decomposition of a blow-up (Proposition A.2):
where τ denotes the canonical truncation of a complex. We only need to check the identity
to finish the proof of the lemma. From Lemma A.1 we know that the cohomology sheaves of π * O x are isomorphic to the pushforwards j * (Ω m (m)) from the exceptional divisor j : E → Y . If L is any line bundle on X, then its pullback to Y restricts trivially to E. By adjunction we have
, as claimed in the lemma.
3.3. Lemma. Let X be a smooth n-dimensional variety. Assume that there is a semiorthogonal decomposition which includes n − 1 exceptional objects L 0 , . . . , L n−2 :
Then there is a semiorthogonal decomposition for the blow-up π : Y → X of X along the subvariety Z ⊂ X:
Proof. Let j : E → Y be the embedding of the exceptional divisor, and let p : E → Z be the projection map. By Orlov's theorem [Orl93] the functor j * p
is a fully faithful embedding and there is a semiorthogonal decomposition:
Every object j * p * L i is exceptional since the functor j * p * is fully faithful. The restriction of a line bundle
where the last isomorphism is a standard property of the dual exceptional collection (see, for example, [Kap88, Prop. 2.15]). Thus all the conditions of the lemma are satisfied.
Now we are ready to prove Proposition 3.1.
Proof of Proposition 3.1. For every subvariety Z b ⊂ X in the center of the blow-up choose exceptional objects (
coh (Y ) using Lemmas 3.2 and 3.3 respectively. The exceptional objects corresponding to distinct subvarieties are completely orthogonal since they are supported on disjoint exceptional divisors. Thus there is a semiorthogonal decomposition
It is generated by 1 + |B| exceptional objects. From Lemmas 3.2 and 3.3 we know that the only nontrivial morphism 
The category T 0 is equivalent to T , in particular it has Rouquier dimension zero. Now we can consider the subcategory L n−3 , {(S b ) n−3 } b∈B , which will also be equivalent to the category of representations of the same quiver, and repeat the argument. Repeating this n − 2 times finishes the proof of the proposition.
Blow-ups of projective spaces
Proposition 3.1 applies to varieties with many exceptional line bundles. Here we collect the implications for projective spaces.
4.1. Theorem. Let {Z b } b∈B be a set of at most three disjoint linear subspaces of P n such that every subspace Z b is either a point or has codimension two. Denote by Y the blow-up of the projective space in the union b∈B Z b . Then rdim Y = n, i.e., Y satisfies Orlov's conjecture.
Proof. The projective space has a standard full exceptional collection [Bei78] :
The restriction of n − 1 last exceptional line bundles to any codimension-2 linear subspace is a full exceptional collection, so by Proposition 3.1 there is a semiorthogonal decomposition
. . , T n−2 where each component is a subcategory of Rouquier dimension zero. From Lemma 2.2 we get the inequality rdim Y ≤ n. Since Y is a smooth n-dimensional variety, rdim Y = n.
When n is small, i.e., for n = 2 and n = 3, there are enough exceptional line bundles to repeat the procedure more than once.
Proposition. Consider a tower of maps
where each map π i : X i → X i−1 is a blow-up in at most three distinct points. Then X 3 satisfies Orlov's conjecture, i.e., rdim X 3 = 2.
Proof. The derived category of P 2 has a standard full exceptional collection:
By Proposition 3.1 after the first blow-up map
, T 1 such that rdim(T 1 ) = 0. A mutation of T 1 through the two exceptional line bundles produces another decomposition:
. Now we may apply Theorem 4.1 to the second blow-up map π 2 : X 2 → X 1 choosing π * 1 O(1) as an exceptional line bundle. Then we repeat the same argument once again for the third blow-up morphism. The result is a semiorthogonal decomposition for D b coh (X 3 ) consisting of three subcategories of Rouquier dimension zero. By Lemma 2.2 this establishes the upper bound rdim(X 3 ) ≤ 2. Since X 3 is a surface, this upper bound is sharp, rdim(X 3 ) = 2. Note that this includes all del Pezzo surfaces. Orlov's conjecture for del Pezzo surfaces is due to Ballard and Favero [BF12, Cor. 3.27]. They proved it by constructing tilting vector bundles with special properties. For del Pezzo surfaces our argument is shorter and does not require the points to be in general position, but Ballard and Favero also established the conjecture for some other surfaces to which our argument does not seem to apply, e.g., for Hirzebruch surfaces.
Interestingly, Ballard and Favero remark in [BF12, Prop. 3.10] that after blowing up at least 11 distinct points on a plane tilting vector bundles with the desired properties do not exist, and the argument in Proposition 4.2 does not apply to a blow-up of at least 10 points.
Proof. For threefolds, applying Proposition 3.1 to a blow-up requires two exceptional line bundles, and the full exceptional collection on P 3 has four. The assumption on the lines blown up by π 2 : X 2 → X 1 is sufficient to apply Lemma 3.3 for the second level of the blow-up tower. Thus we may use the same argument as in Proposition 4.2.
It is possible that a similar technique may be applied to some other cases, such as a blow-up of P 4 in a line, or even a disjoint union of three lines. However, since we were not able to use ADE quivers larger than D 4 in the proof of Proposition 3.1, the method cannot be applied when the codimension is large enough, even potentially. For example, blowing up P 5 ⊂ P 14 will add 48 new exceptional objects to a category with 15 exceptional line bundles, and they cannot be grouped together into less than 16 copies of the D 4 -quiver, which means that the bound from Lemma 2.2 is not going to be sharp.
Appendix A. Dual to Orlov's collection
Orlov [Orl93] has constructed a semiorthogonal decomposition for a blow-up of a variety in a smooth center. In this appendix we calculate a certain mutation of that decomposition. For simplicity of notation we only consider a blow-up of a smooth point, but similar methods work in general. This result is well-known to experts, and we include the proof due to the lack of a convenient reference.
A.1. Lemma. Let X be a smooth variety, n := dim X. Consider the blow-up π : Y → X in a point x ∈ X, and let j : P n−1 → Y be the inclusion of the exceptional divisor. For any k ∈ Z there is an isomorphism
We may restrict to a neighborhood of x ∈ X in which the point is the zero locus of a regular section of some vector bundle. Then the derived pullback π * O x may be computed using a Koszul resolution for the skyscraper sheaf O x . The pullback of that resolution to Y is still a Koszul complex, and there exists a description of its cohomology sheaves in terms of the excess conormal bundle to P n−1 ⊂ Y , see, e.g., [San14, Prop. 1.28]. This description completes the proof.
A.2. Proposition. Let X be a smooth variety of dimension n. Let π : Y → X be the blow-up in a point x ∈ X. Denote by S the derived pullback S := π * (O x ) of the skyscraper sheaf at x. Then there exists a semiorthogonal decomposition:
Here for any k ∈ [0, n − 2] the canonical truncation τ ≥−k S is an exceptional object.
Proof. Let j : E → Y be the inclusion of the exceptional divisor E P n−1 . Denote the pushforward sheaf j * (O P n−1 (k)) by O E . There is a semiorthogonal decomposition for Y constructed by Orlov [Orl93] :
. Our decomposition is the dual to the part of Orlov's collection concentrated on the exceptional divisor. It can be obtained by a sequence of mutations described by the following claim.
Claim. For any k ∈ [0, n − 2] denote by T k the subcategory
Then the exceptional object M is, up to a shift, isomorphic to τ ≥−k S.
A repeated application of this claim constructs the expected semiorthogonal decomposition. To prove the claim, it is enough to show three statements about the truncation τ ≥−k S:
is not a direct sum of several copies of shifts of the same object. Indeed, any object in T k which lies in the right orthogonal to T k−1 lies in the subcategory generated by the exceptional object M . This category is equivalent to the derived category of vector spaces, so if (c) also holds, then τ ≥−k (π * O x ) is a shift of the generating exceptional object.
The statement (c) easily follows from the description of cohomology sheaves of S given in Lemma A.1. To prove the statement (a), note the inclusion of subcategories
On the projective space E P n−1 it is easy to see that Ω k (k) ∈ O, O(1), . . . , O(k) . Together with Lemma A.1, this implies that every cohomology sheaf of τ ≥−k S lies in T k . Since any object lies in the span of its cohomology sheaves, this proves (a).
To deal with (b), we consider the truncation triangle τ ≤−(k+1) S → S → τ ≥−k S.
Below we will show that both τ ≤−(k+1) S and S lie in (T k−1 ) ⊥ , and therefore the same is true for the third object in the triangle.
We start with the truncation τ ≤−(k+1) S. It is enough to show that every cohomology sheaf of that object lies in (T k−1 ) ⊥ , and by Lemma A.1 those sheaves are isomorphic to the pushforwards j * (Ω m (m)) for all m ∈ [k + 1, n]. The category T k−1 is, by definition, generated by the pushforwards j * O E (l) for l ∈ [0, k − 1]. For any choice of l and m we get RHom Y (j * O E (l), j * Ω m (m)) ∼ = RHom P n−1 (j * j * O P n−1 (l), Ω m (m)).
Since j is an inclusion of a divisor, it is easy to compute that j * j * O(l) O(l) ⊕ O(l + 1)[1]. In our situation m ≥ l − 2, so on P n−1 both O(l) and O(l + 1) are semiorthogonal to Ω m (m). Therefore the space RHom Y (j * O E (l), j * Ω m (m)) vanishes for relevant values of l and m, and hence τ ≤−(k+1) S ∈ (T k−1 ) ⊥ . Consider now the object S π * O x . Since π is a proper map between smooth varieties, it is well-known that there exists a right adjoint π ! to the pushforward functor π * , and it is given by the formula π ! (−) = π * (−) ⊗ ω π , where ω π is the relative dualizing line bundle. In
Since l ≤ k ≤ n − 2, the line bundle O P n−1 (l − n + 1) is acyclic, which means that S ∈ (T k−1 ) ⊥ . This finishes the proof of the statement (b), and thus the proof of the entire proposition.
